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ABSTRACT
Many weak lensing calculations make use of the Born approximation where the light ray is
approximated by a straight path. We examine the effect of Born-corrections for lensing of the
cosmic microwave background in an analytical approach by taking perturbative corrections
to the geodesic into account. The resulting extra power in the lensing potential spectrum is
comparable to the power generated by nonlinear structure formation and affects especially the
polarisation spectra, leading to relative changes of the order of one per cent for the E-mode
spectrum and up to 10 per cent on all scales to the B-mode spectrum. In contrast, there is only
little change of spectra involving the CMB temperature. Additionally, the corrections excite
one more degree of freedom resulting in a deflection component which can not be described
as a gradient of the lensing potential as it is related to image rotation in lens-lens coupling.
We estimate the magnitude of this effect on the CMB-spectra and find it to be negligible.
Key words: cosmic background radiation – large-scale structure of Universe – gravitational
lensing: weak – methods: analytical
1 INTRODUCTION
Weak gravitational lensing by the cosmic large-scale structure is a
primary tool for investigating cosmological models through their
influence on the growth of structure. In weak lensing, one observes
either correlated shape changes of distant galaxies and traces them
back to correlated distortion along neighbouring lines of sight, or
the change in cosmic microwave background fluctuations due to
correlated deflection. Both techniques yield statistically significant
signals and have been used experimentally to constrain cosmolog-
ical models, e.g. Smith et al. (2007); SPT Collaboration (2012);
Planck Collaboration XVII (2013); Fu et al. (2014). Weak lensing
derives its attractiveness from the linear relationship between the
density field and the weak lensing observables, at least to a very
good approximation, and due to the dominance of dark matter one
deals with comparatively simple physics in structure formation.
In the theory of gravitational lensing one solves the implicit
lensing equation in a perturbative expansion, which gives rise to
Born-corrections and in the lensing Jacobian to lens-lens coupling
effects. These effects have been investigated in the context of weak
cosmic shear (Cooray & Hu 2002; Krause & Hirata 2010) and weak
cosmic flexion (Scha¨fer et al. 2012), where they generate small cor-
rections in the shear spectra. Transferring these results to CMB-
lensing one finds two competing arguments: Firstly, weak lensing
? e-mail: steffen.hagstotz@gmail.de
of the CMB takes place at much larger redshifts due to the lensing
efficiency function where the cosmic matter field is less developed
and has smaller amplitudes, generating a weaker second order ef-
fect. Secondly, Born-corrections and lens-lens couplings are cumu-
lative effects and the much larger line of sight integrations should
enhance them: The relative magnitude of these two arguments is
the primary motivation for this work.
In the case of CMB-lensing only three main effects beyond
linar physics influence the lensing signal: (i) nonlinear structure
growth on small scales, which generates an increase in the vari-
ance of the lensing deflection field, (ii) non-Gaussian statistics of
the underlying density field, and (iii) second order lensing effects
such as Born-corrections and lens-lens coupling. The last group is
usually neglected with reference to cosmic shear, where they have
been shown to be small, but as we will demonstrate in this paper
this does not necessarily need to be the case. In contrast, nonlinear
structures certainly affect the lensing signal, even at the large red-
shifts of CMB-lensing, and are modelled by nonlinear extentions to
the dark matter spectrum. The validity of this approach is verified
in numerical simulations, where only on small scales below an ar-
cminute lensing by individual haloes starts to matter (Hamana et al.
2005). The effect of nonlinear structure is primarily the increase of
variance of the deflection field on small scales, while non-Gaussian
features do not have a strong impact on the weak lensing signal,
which has been shown by a higher-order expansion of the char-
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acteristic function of the lensing deflection distribution (Merkel &
Scha¨fer 2011).
Numerical tools for investigating CMB-lensing rely as well on
the Born-approximation: Boltzmann-codes such as camb1 or class2
for predicting CMB temperature and polarisation anisotropy spec-
tra use a Limber-projected, Born-approximated deflection angle
spectrum for analytical derivations of lensed CMB-spectra. Also
lenspix3 for computing lensed realisations of the cosmic microwave
background determines the deflection angle field from the Born-
approximated lensing potential.
This paper is organised as follows: We present corrections to
the first-order weak lensing statistics in Sect. 2. We apply them
to lensing of the cosmic microwave background and discuss the
effect of higher-order effects in gravitational lensing in Sect. 3. The
results are summarised and discussed in Sect. 4.
The reference cosmological model used is a spatially flat
wCDM cosmology with Gaussian adiabatic initial perturbations in
the cold dark matter. The dark energy component is assumed to be
spatially homogeneous and to be described with a constant equation
of state parameter w. The specific parameter choices are Ωm = 0.3,
ns = 1, σ8 = 0.82, Ωb = 0.045 and H0 = 100 h km s−1 Mpc−1, with
h = 0.7 and w = −0.9.
2 WEAK GRAVITATIONAL LENSING
2.1 Lens equation
We will describe gravitational lensing by expressing the comov-
ing distance x(θ, χ) between the deflected light ray and a fiducial
unperturbed ray which enclose the angle θ at the observer. This
separation evolves in the presence of gravitational fields according
to the lens equation (Bartelmann & Schneider 2001; Bartelmann
2010):
x(θ, χ) = θχ − 2
∫ χ
0
dχ′ (χ − χ′) ∇⊥φ(θ, χ′) , (1)
where we neglected any anisotropic stress and used the dimension-
less Newtonian potential φ = Φ/c2. A source with the true an-
gular position θ will therefore be observed at the lensed position
β = x/χ, which becomes
βi(θ, χ′) = θi − 2
∫ χ
0
dχ′
χ − χ′
χ
φi(θ, χ) = θi − ψi (2)
where the derivative perpendicular to the line of sight is written as
∂iφ = φi and we may as well express the angles as gradients of the
projected lensing potential ψ:
ψ ≡ 2
∫
dχ′
χ − χ′
χ
φ(θ, χ′) . (3)
The linearised mapping between source and image planes is then
expressed by the Jacobian matrixA ≡ ∂β/∂θ:
Ai j ≡ ∂βi
∂θ j
=
(
1 − κ − γ1 −γ2 − ω
−γ2 + ω 1 − κ + γ1
)
(4)
with the convergence κ, the shear components γi and the antisym-
metric component ω describing an infinitesimal rotation (Pen &
Mao 2006). These coefficients also define the decomposition into
1 http://camb.info/
2 http://class-code.net/
3 http://cosmologist.info/lenspix/
Pauli matrices σα which, including σ0 ≡ id(2), form a basis set for
the 2 × 2 matrices:
A =
3∑
α=0
aασα ≡ (1 − κ)σ0 − γ1σ3 − γ2σ1 + iωσ2 . (5)
Because the Jacobian is composed of interchangable partial deriva-
tives to first order, it is symmetric and the ω-component vanishes:
Therefore, only three of the four possible degrees of freedom are
excited. Due to the properties of the Pauli matrices σ2α = id(2),
tr(σi) = 0 for i = 1, 2, 3 and σασβ = δαβσ0 + iαβγσγ the coef-
ficients can be recovered via aα = 12 tr(Aσα). Note that κ, γ1 and
γ2 can be written as second derivatives of the underlying lensing
potential
κ =
1
2
(∂21 + ∂
2
2) ψ, γ1 =
1
2
(∂21 − ∂22) ψ, γ2 = ∂1∂2ψ, (6)
whereas for the rotational component ω this is not the case. There-
fore we introduce the auxiliary curl potential Ω such that the deflec-
tion angle may be expressed as a combination of a gradient contri-
bution and a curl contribution (Hirata & Seljak 2003)
β = θ − ∇ψ − ∇ ×Ω , (7)
where we defined the two-dimensional curl (∇×Ω)i = i j∂ jΩ. With
this definition, the scalar quantities κ and ω can be obtained by a
further derivative from the deflection angle δθ = β − θ:
κ =
1
2
∇ · δθ = 1
2
∆ψ , ω =
1
2
∇ × δθ = 1
2
∆Ω . (8)
In this way we can identify the primary contribution to the lensing
deflection which originates as a gradient from the scalar lensing
deflection, and a secondary contribution which corresponds to a
rotation.
The deformation part of the Jacobian can be isolated by sub-
tracting the zeroth-order identical mapping and defining the tensor
Ψi j = δi j − Ai j. We then arrive at the linearised lens equation in
terms of Ψ:
Ψi j(x, χ) = 2
∫ χ
0
dχ′ W(χ′, χ) φmj(x, χ)
[
δmj + Ψmj(x, χ′)
]
, (9)
where we introduced the geometric lensing efficiency function
W(χ′, χ) =
(χ − χ
′)
χ′
χ
if χ′ 6 χ
0 else
(10)
and summation over repeated transversal indices is implied. Note
that eq. 9 is implicit in both the deformation tensor and the potential
along the full geodesic φ(x, χ), where x(θ, χ) again depends on the
potential via eq. 1. By assuming small initial deformations Ψ(0) ≈
0 (neglection of lens-lens coupling) and evaluating the potential
along the unperturbed geodesic x(0) ≈ θχ (the Born approximation)
one arrives at the well-known first-order result
Ψ
(1)
i j (x0, χ) = 2
∫ χ
0
dχ′ W(χ′, χ) φi j(x0, χ′) . (11)
In the literature the use of the Born approximation generally im-
plies neglecting lens-lens coupling as well since they appear at the
same order in perturbation theory. We will follow this convention
unless explicitly stated otherwise.
Note that the perturbed geodesics change the distance-redshift
relation because photon paths are longer taking these corrections
into account. This will lead to a distortion of surfaces of equal red-
shift in real space, but in our Newtonian framework we will neglect
this effect. However, see Clarkson et al. (2014) for a detailed rela-
tivistic treatment.
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2.2 Born-corrections
Corrections to the first-order result have previously been discussed
in the literature in the context of cosmic shear surveys both ana-
lytically (Cooray & Hu 2002; Shapiro & Cooray 2006; Krause &
Hirata 2010) and numerically in ray tracing simulations (Jain et al.
2000; Hilbert et al. 2009; Li et al. 2011a,b; Becker 2013) where
they were found to be negligible up to very small scales. We will
briefly present the correction terms arising when dropping the Born
approximation before applying them to CMB lensing.
The first step is to expand the potential φ around the unper-
turbed geodesic x0:
φ(x0 + δx) ≈ φ(x0) + φa(x0) δxa + 12φab(x0) δxaδxb + . . . (12)
Because we are considering perturbative corrections to the power
spectrum ∝ φ4, all terms up to third order in the potential must
be kept here because they couple to first order contributions in the
correlator later on. In addition to the potential itself, the deflection
from the straight path from eq. 1 depends on the fully deflected
light ray:
δxa = −2
∫ χ
0
dχ′
χ − χ′
χ
χ′ φa(x, χ′) . (13)
Hence we also expand it to get
δx(1)a = −2
∫ χ
0
dχ′
χ − χ′
χ
χ′ φa(x0, χ′)
δx(2)a = −2
∫ χ
0
dχ′
χ − χ′
χ
χ′ φab(x0, χ′) δx(1)b (x0, χ
′) ,
(14)
which leads to the complete expression for the potential along the
deflected path up to third order:
φ(x) ≈ φ(x0) + φa(x0)
(
δx(1)a + δx
(2)
a
)
+
1
2
φab(x0) δx(1)a δx
(1)
b (15)
By iteratively inserting the result for the deformation tensor
into the full expression given in eq. 9, Ψmj ≈ Ψ(1)mj, one can obtain
corrections up to third order in φ:
Ψ
(1)
i j = 2
∫ χ
0
dχ′ W(χ′, χ) φi j(x0, χ′)
Ψ
(2)
i j = 2
∫ χ
0
dχ′ W(χ′, χ)
[
φi j + φimΨ
(1)
mj + φi jkδx
(1)
k
]
Ψ
(3)
i j = 2
∫ χ
0
dχ′ W(χ′, χ)
[
φi j + φi jk
(
δx(1)k + δx
(2)
k
)
+
1
2
φi jkmδx
(1)
k δx
(1)
m + φimΨ
(2)
mj
]
.
(16)
These expressions are analogous to the Born series in quan-
tum scattering theory and similar diagrammatic representations of
the arising terms exist (Scha¨fer et al. 2012), but we will just be
concerned with the final result in this paper.
The various contributions can all physically be attributed to
the coupling of lenses at different redshifts of the form φimΨmj, non-
local Born-corrections of the form φi jkδxk or a combination of both
effects at third order. To distinguish the correction terms, we will
express the deflection as a projection of various source fields as
done in Cooray & Hu (2002)
Ψi j = 2
∫ χ
0
dχ′ W(χ′, χ)
∑
α
S (α)i j (χ
′) , (17)
e.g. with the first order source term S (1)i j = φi j. Clearly, the cor-
rection terms depend on the correlation of lensing structure along
the line of sight: From a physical point of view, the distance from
the fiducial ray and the deformation of the light bundle depend on
the integrated lensing up to that point, such that the tidal fields in
Fourier space get linked by convolution. All resulting source terms
are listed in the Appendix A.
2.3 Deflection Angle Spectra
We will now discuss the statistical properties of the corrections and
how they influence the correlation functions of lensing observables.
Statistical isotropy requires the power spectrum of the source terms
to be of the form
〈S ab(l) S ∗i j(l′)〉 = (2pi)2δD(l − l′)Cabi j(`) , (18)
where the source terms contain products of the potential φ which
turn into convolutions in Fourier space. Note that we only consider
contributions up to φ4, so third-order terms only couple to the first-
order result whereas under the assumption of Gaussianity all terms
∝ φ3 vanish. The full correlator CΨabi j is then recovered as a sum
over all source term contributions. The two-point functions of the
observables can be extracted via
〈aα a∗β〉 =
1
4
〈tr(Ψσα) tr(Ψσβ)∗〉 = 14C
Ψ
abi j(`) σα,abσ
∗
β,i j . (19)
The potential power spectra in the flat-sky limit are given by the
Limber equation (Kaiser 1992; Krause & Hirata 2010; Hirata &
Seljak 2003):
〈φ(l, χ) φ∗(l′, χ′)〉 = (2pi)
2
χ2
δD(l − l′) δD(χ − χ′) Pφ(k = `/χ) (20)
and an additional projection yields the angular 2D spectra:
C` =
∫ χs
0
dχ
χ2
W2(χ, χs) Pφ(k = `/χ) . (21)
All corrections to the power spectra following from eq. 16 are then
expressed as line of sight integrations over convolutions of power
spectra. The corrections to cosmic shear observables κ and γ have
been discussed by Cooray & Hu (2002) and Krause & Hirata (2010)
before, but here we are ultimately interested in CMB lensing. For
this purpose, we only need the power spectra of the potentials Cψψ
and CΩΩ which are related to the κ and ω spectra in Fourier space
by eq. 8:
Cψψ` =
4
`4
Cκκ` , C
ΩΩ
` =
4
`4
Cωω` . (22)
The effect of the image rotation introduced by the curl potential
Ω will be discussed separately in Sect. 3.5. Both spectra for the
application in CMB lensing are shown in Fig. 1, where all line of
sight integrals were carried out to the surface of last scattering at
z ≈ 1089.
2.4 Gaussianity
The derivation above assumes Gaussian statistics of the underlying
lensing potential, so the four-point functions 〈φ4〉 are completely
described by the various two-point correlators via the Wick theo-
rem. Note that the higher moments in the lensing potential ψ are
suppressed compared to the density field itself by the central limit
theorem because of averaging along the line of sight. Especially in
CMB lensing, this approximation is valid up to very small scales
as demonstrated by Merkel & Scha¨fer (2011). Non-Gaussianities
are small to begin with because the density field is probed at early
times, and the line of sight is long compared to cosmic shear sur-
veys.
c© 2014 RAS, MNRAS 000, 1–8
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Figure 1. Deflection angle power spectra Cψψ
`
and CΩΩ
`
including nonlin-
ear structure growth via halofit and including all second order corrections.
Shown are the first order result with linear underlying CDM spectrum (vio-
let), nonlinear CDM spectrum (black) and including second order effects in
combination with linear (green) and nonlinear power (red). The dashed CΩ
spectrum only appears if second order corrections are taken into account.
However, the higher variance of the lensing angle caused by
nonlinear structures does influence the result. This is accounted for
by using the nonlinear transfer functions provided by Smith et al.
(2003) while still assuming a Gaussian probability distribution of
the lensing angles.
The Born-corrections discussed here are treated in the same
way. Even though mode coupling is introduced by higher order cor-
rections which will lead to non-Gaussianity in the deflection angle
statistics, the dominant effect is the additional amplitude at small
scales of the Cψψ` power spectrum in Fig. 1. Thus no higher statisti-
cal measures beyond the power spectrum are taken into account for
the application to CMB lensing.
3 CMB LENSING
3.1 Lensing potential
Figure 1 demonstrates that the contribution from Born-corrections
to the lensing potential spectrum Cψψ` is comparable with the ad-
ditional amplitude caused by nonlinear growth of the large scale
structure between us and the CMB. One clearly sees that Born-
corrections amplify non-linear contributions to the spectrum be-
cause they are proportional to squares of the spectrum. While Born-
corrections are negligible up to multipoles of ` ' 3000 when com-
puted for linear structures, they already cause deviations in Cψψ`
well below ` ' 1000 in the case of nonlinear structures. The iden-
tical argumentation applies to CΩΩ` with the only difference that
Born-approximated lensing does not show any rotation irrespective
of the structure being linear or not.
The difference to the negligible contributions in cosmic shear
surveys with typical line of sight integrations up to z ∼ 0.9 has two
main reasons: (i) The line of sight integrations involved in all cor-
rections grow with the distance and effects like lens-lens coupling
add up on long paths, and (ii) under the flat-sky Limber equation,
the power spectrum is evaluated at P(k = `/χ), so for fixed multi-
poles we are probing smaller wavenumbers k with larger distance
where the amplitude of the CDM spectrum is higher.
0
1
2
3
4
×10−7
σ2(r)
Cgl,2(r)
10−3 10−2 10−1 100
r
0.00
0.02
0.04
0.06
∆
C
g
l/
C
g
l halofit
halofit + born
linear + born
Figure 2. Lensing correlations σ2(r) ≡ Cgl(0)−Cgl(r) and Cgl,2(r) (dashed)
as a function of the angular separation on the sky r in radian. Relative
changes introduced by nonlinear structure growth, Born-corrections or both
are shown in the lower panel.
3.2 CMB temperature
Gravitational lensing remaps the CMB fields by the deflection an-
gle α = δx/χ, so we observe e.g. the temperature at a lensed posi-
tion
Θ˜(x) = Θ(x + α) , (23)
where for now we take only the part of the deflection angle that may
be expressed by the gradient of the underlying lensing potential
α = ∇ψ into account. Again working in the flat-sky limit we can
Fourier transform the temperature by
Θ(l) =
∫
d2x
2pi
Θ(x) eil·x . (24)
The deflection is a local effect, so we apply it to the correlation
function before transforming back to the power spectrum as done
by Lewis & Challinor (2006). One then arrives at the lensed corre-
lation function
ξ˜(r) =
〈
Θ˜(x) Θ˜(x′)
〉
=
∫
d2 l
(2pi)2
CΘΘ` e
il·r 〈eil·(α−α′)〉 , (25)
where we introduced r = |x − x′| and neglected the integrated
Sachs-Wolfe effect which introduces a small correlation between
the CMB and the lensing potential.
3.3 Deflection angle correlations
In linear theory, the lensing potential obeys Gaussian statistics and
inherits this property to the deflection angle. The remaining expec-
tation value in eq. 25 can then be obtained by using 〈eiy〉 = e−〈y2〉/2.
This leads to the result (Seljak 1996)〈
eil·(α−α
′)
〉
= exp
(
−1
2
〈
[l · (α −α′)]2
〉)
= exp
(
− `
2
2
[
σ2(r) + cos 2ϕCgl,2(r)
])
,
(26)
where ϕ denotes the angle between l and x and we introduced the
variance of the lensing excursion angle σ2(r) = 12 〈(α − α′)2〉 =
Cgl(0)−Cgl(r). The functions Cgl and Cgl,2 are given in terms of the
c© 2014 RAS, MNRAS 000, 1–8
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lensing potential power spectrum Cψψ`
Cgl(r) =
1
2pi
∫
d` `3Cψψ` J0(`r)
Cgl,2(r) =
1
2pi
∫
d` `3Cψψ` J2(`r) ,
(27)
and we will model the nonlinear case in the same way by assuming
Gaussian statistics while accounting for the additional amplitude of
the density power spectrum as discussed in Sect. 2.4.
The functions Cgl and Cgl,2 encode all lensing effects on the
spectra. They are shown in Fig. 2 including nonlinear structure
growth and the higher order Born-corrections.
For the numerical implementation, instead of using the com-
putationally demanding expression in eq. 26, we expand it to sec-
ond order in the off-diagonal part Cgl,2 of the correlator 〈αiα j〉 as
done in Challinor & Lewis (2005). Note that this expansion does
not require the deflection itself to be small.
3.4 CMB polarisation
The CMB polarisation is treated in a very similar way. We start
from the trace-free spin-2 polarisation tensor P = Q + iU with the
Stokes parameters Q and U. In the flat-sky limit, the spin-weighted
spherical harmonics reduce to ±2Y`m → −e±2iϕ`eil·x, where ϕ` again
denotes the angle between l and x. Therefore the expansion of P(x)
into the parity eigenstates E and B reads
P(x) = −
∫
d2 l
2pi
[E(l) + iB(l)]e2iϕ`eil·x . (28)
In addition, we align all correlation functions with the physical co-
ordinate system along r by another rotation with the angle ϕr = rˆ· xˆ.
The corresponding correlation functions are then
ξ+(r) ≡ 〈P∗r (x) Pr(x′)〉 = 〈P∗(x) P(x′)〉
ξ−(r) ≡ 〈Pr(x) Pr(x′)〉 = 〈e−4iϕrP(x) P(x′)〉
ξ×(r) ≡ 〈Pr(x) Θ(x′)〉 = 〈e−2iϕrP(x) Θ(x′)〉 .
(29)
The calculation of the lensed correlation function ξ+ is completely
analogous to the temperature case, whereas for the remaining func-
tions the additional phase factors must be taken into account.
Full expressions for the lensed correlation functions used here can
be found in Zaldarriaga & Seljak (1998) and Challinor & Lewis
(2005).
3.5 Lensing by the Curl potential
After we dealt with the gradient-like part of the lensing deflection
angle, now we turn to the curl-like contribution η = ∇ × Ω which
only appears if Born-corrections are included. We start in analogy
to the previous case by considering the lensed temperature correla-
tion function
ξ˜(r) =
∫
d2 l
(2pi)2
CΘΘ` e
il·r 〈 eil·(η−η′)〉 . (30)
Again we have to evaluate the correlator. The full calculation shown
in Appendix B leads to:〈
eil·(η−η
′)
〉
= exp
(
− `
2
2
[
σ2ω(r) + cos 2ϕC
ω
gl,2(r)
])
, (31)
10−4 10−3 10−2 10−1 100
r
0
1
2
3
4
×10−11
σ2ω(r)
Cωgl,2(r)
Figure 3. Curl-like lensing correlations σ2ω(r) ≡ Cωgl(0)−Cωgl(r) and Cωgl,2(r)
(dashed) as functions of the angular seperation on the sky r in radian. Com-
pared to the functions σ2 and Cgl,2 derived from the lensing potential ψ
shown in Fig. 2 the overall scale is suppressed by four orders of magnitude.
where we defined σ2ω(r) = C
ω
gl(0) −Cωgl(r) and the two functions
Cωgl(r) =
1
2pi
∫
d` `3CΩΩ` J0(`r)
Cωgl,2(r) = −
1
2pi
∫
d` `3CΩΩ` J2(`r) .
(32)
The main difference to the expressions in eq. 27 is the replacement
of the power spectrum Cψψ` by C
ΩΩ
` and the opposite sign of C
ω
gl,2.
Note that the exponential growth proportional toCωgl,2 does not pose
a problem because we find σ2ω > Cgl,2 everywhere, so the damp-
ing is always dominant. Both functions are shown in Fig. 3. They
follow a very similar form as their Cψψ` -counterparts, but the over-
all scale is four orders of magnitude below the correlation func-
tions computed for the gradient-like lensing potential shown in
Fig. 2. The effect of image rotations by lensing on the CMB is
therefore not expected to play any role in future measurements.
Therefore the generation of lensed CMB-maps by the mapping
Θ˜(x) = Θ(x + α) as computed by lenspix where the deflection an-
gle is derived through the gradient of the lensing potential,α = ∇ψ,
remains an excellent approximation.
3.6 Resulting CMB spectra
To compute the Born-corrected CMB spectra, we useCψψ` including
all corrections up to φ4 to calculate the correlation functions σ2
and Cgl,2 and apply the lensing procedure outlined in Sect. 2 to
the initial, unlensed temperature and polarisation spectra as taken
from camb (Lewis et al. 2000). Considering the results presented in
Fig. 3, we neglect any lensing contributions from the curl potential
Ω as discussed in Sect. 3.5.
The broad peak structure of the CMB temperature spectrum
is less susceptible to lensing in general as the sharper features of
the polarisation, therefore the corrections discussed here are less
important when applied to CΘΘ` as illustrated by Fig. 4. They only
lead to relative corrections of ∼ 10−4 for small scales ` > 1000.
The change is more pronounced in the polarisation. As shown
in Fig. 4, the E-mode spectrum CEE` is modified by ∼ 10−2 for large
multipoles. Consequently the corrections to the cross-spectrum be-
tween temperature and E-mode polarisation fall in between the pre-
c© 2014 RAS, MNRAS 000, 1–8
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Figure 4. The lensed temperature and polarisation spectra. Shown are the first order lensing results with linear CDM power (violet), nonlinear power (black)
and including all Born-corrections in combination with linear (green) and nonlinear power (red). Relative corrections compared to the first-order lensing result
with linear CDM spectrum are shown below each plot. Tensor modes are not included, so the unlensed CBB spectrum vanishes. Note that the CΘE spectrum is
normalised to the rms value to avoid divisions by zero.
vious cases, as shown in Fig. 4, giving rise to relative deviations of
the order 10−3. There is a general trend that the Born-corrections
affect polarisation spectra more strongly than temperature spectra.
Finally, the B-mode spectrum CBB` is most strongly affected,
with changes of typically 10 per cent relative to the Born-
approximated result, already at comparatively low multipoles. This
is related to the fact that lensing is the strongest B-mode generating
effect in the absence of foregrounds and of tensor modes (BICEP2
Collaboration 2014; Planck Collaboration XXX 2014), such that
the Born-corrections do not compete with a large intrinsic polarisa-
tion signal.
In summary, Born-corrections affect the lensing signal on
small angular scales and are similar in magnitude compared to non-
linear corrections of the deflection field. Their influence is larger
for polarisation compared to temperature anisotropies, and they are
most notable in the B-mode signal.
4 SUMMARY
Subject of this paper were Born-corrections in the lensing of the
CMB temperature and polarisation anisotropies. We pursued an an-
alytical technique and applied a perturbative solution to the lens
equation up to cubic terms in the gravitational potential to con-
struct the next-to-leading-order corrections ∝ φ4 to the weak lens-
ing power spectrum. From the physical point of view this corre-
sponds to replacing the fiducial straight ray along which the lens-
ing deflections are summed by an integration path closer to the true
photon geodesic for collecting the lensing deflections. The point at
which the lensing deflections are evaluated is related to the corre-
sponding location on a fiducial straight ray by a Taylor expansion,
where the distance between these two points follows from cumula-
tive lensing up to that point. This leads to a mode-coupling effect
in the deflection field due to the correlations along the line of sight,
which source Born-corrections.
Computing corrections to the spectrum of the lensing po-
tential Cψψ` shows almost perfect agreement with the Born-
approximated spectrum up to multipoles of ` ' 1000, and growing
differences with increasing multipoles. Already at larger angular
scales lensing from nonlinear structures starts to increase the vari-
ance of the deflection field, such that the combined effect, where
Born-corrections are computed with the nonlinear CDM-spectrum,
dominates over the Born-approximated and linear spectrum by al-
most an order of magnitude at high multipoles.
While this sounds dramatic, it should be kept in mind that the
correlation functions of the lensing deflection angle, which are the
c© 2014 RAS, MNRAS 000, 1–8
CMB-lensing with Born-corrections 7
relevant quantities in transforming the CMB temperature and po-
larisation spectra, result from a weighted integration over the spec-
trum of the lensing potential with Bessel functions J0(`r) and J2(`r)
cutting off contributions from the high-` part ofCψψ` . Consequently,
the remaining relative deviations in the angular correlation func-
tions of the deflection angle amount typically to a few percent.
Repeating the calculation for the rotational part of the deflec-
tion field, which can not be derived from a scalar lensing potential,
shows very small angular correlation functions which can be safely
neglected: From this point of view the approach of the lenspix code
for computing lensed realisations of CMB maps by deriving lens-
ing displacements α = ∇ψ is perfectly justified. Born-corrections
would amount to typically a few percent of the the lensing deflec-
tion, which is safe to use in a linear mapping.
The additional amplitude in the lensing potential spectrum
Cψψ` for multipoles ` > 1000 is larger than the contribution of non-
linear structure growth as modeled by halofit. There is a consid-
erable effort made to accurately model the latter (Carbone et al.
2013; Antolini et al. 2014; Carbone et al. 2009), in particular for
non-standard cosmologies. Born-corrections are amplified by non-
linear corrections to the CDM-spectra, because of the convolution
of the spectra with themselves, which implies that both corrections
should be linked to each other.
Our results suggest that Born-corrections should be taken into
account to calculate E-mode polarisation spectra to the per cent
level while the effect on B-modes is even larger. Because the B-
mode spectrum is sensitive to a wide range of multipoles, Born-
corrections introduce relative changes of order 10 per cent on all
scales. CMB-spectra involving the temperature anisotropy are al-
most unaffected by Born-corrections, which would offer the possi-
bility of consistency checks between the spectra CEE` and C
BB
` on
one side and CΘΘ` and C
ΘE
` on the other.
Our results are in contrast to those by Calabrese et al. (2014),
who computed multiple lensing on a simulation. In their setup they
propagated CMB temperature and polarisation maps with lenspix
through a nested set of deflection angle maps which had been de-
rived from numerical simulations of cosmic structures, and did not
find deviations due to multiple lensing. Commenting on this we are
uncertain if Born-corrections are correctly evaluated by their nu-
merical approach: While it is certain that Carbone et al. (2009) have
a very accurate description of growing cosmic structures includ-
ing halo formation and lensing on the steep gradients close to halo
centres on small scales similar to Hamana et al. (2005), it seems
that the construction of shells from reoriented tesselated simulation
boxes and collapsing them onto lens planes would destroy correla-
tions in the lensing deflection along the line of sight, which is nec-
essary for Born-corrections to arise. We may roughly estimate the
radial resolution needed for achieving convergence between pertur-
bation theory and simulation following Lewis & Challinor (2006):
Photons traverse a (comoving) distance of 14 Gpc on their way
from the last scattering surface to today’s observer. The typical size
of a lens can be approximated by the comoving BAO scale of the
dark matter power spectrum rs ∼ 150 Mpc, leading to a typical
diameter of ∼ 300 Mpc. Accordingly, CMB photons undergo ap-
proximately 50 deflections. Thus, a comparable number of corre-
lated radial shells should be able to resolve Born-corrections due
to multiple lensing. Such high resolution simulations, which cover
sufficiently large length scales, are challenging but first successful
attempts have been made, for example by the Horizon 4pi simula-
tion (Teyssier et al. 2009).
Nonlinear structures generate non-Gaussian statistical proper-
ties of any observable. Surprisingly, the effect of nonlinear struc-
tures is mainly contained in an increased variance of the deflection
field, in the limit of lensing by a smooth density field. Expanding
the characteristic function of the lensing deflection angle distribu-
tion in a series shows only small changes due to higher-order mo-
ments (Merkel & Scha¨fer 2011). This is valid on scales up to an
arcminute, below which lensing on individual haloes adds slowly
decreasing wings to the distribution, as shown by Hamana et al.
(2005). Numerical simulations, on the other side, contain a correct
description of haloes and of nonlinear structures for a large range
of cosmological models (Carbone et al. 2013; Antolini et al. 2014;
Carbone et al. 2009), which is difficult to reach by perturbation the-
ory.
Summarising we would like to point out that Born-corrections
are relevant for CMB-lensing at a similar level as nonlinear cor-
rections to the CDM spectrum. While these are not necessary for
current observations of CMB-lensing, they will become relevant in
the future.
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APPENDIX A: BORN CORRECTION TERMS
We quickly give an overview of all source terms up to order φ3 ap-
pearing in addition to the first order result S (1)i j = φi j when dropping
the Born approximation as described in Sect. 2.2.
Born-corrections:
S (2)i j,B = −φi jk(χ) 2
∫ χ
0
dχ′ W(χ′, χ)
χ
χ′
φk(χ′)
S (3)i j,B =
1
2
φi jkm(χ) 2
∫ χ
0
dχ′ W(χ′, χ)
χ
χ′
φk(χ′)
× 2
∫ χ′′
0
dχ′′W(χ′′, χ)
χ
χ′′
φm(χ′′)
S (3)i j,BX = φi jm(χ) 2
∫ χ
0
dχ′ W(χ′, χ)
χ
χ′
φmk(χ′)
× 2
∫ χ′
0
dχ′′ W(χ′′, χ′)
χ′
χ′′
φk(χ′′) .
(A1)
Lens-lens-corrections:
S (2)i j,L = φim(χ) 2
∫ χ
0
dχ′W(χ′, χ) φmj(χ′)
S (3)i j,L = φim(χ) 2
∫ χ
0
dχ′W(χ′, χ) φmk(χ′)
× 2
∫ χ′
0
dχ′′ W(χ′′, χ′) φk j(χ′′) .
(A2)
Mixed terms:
S (3)i j,BL = φikm(χ) 2
∫ χ
dχ′ W(χ′, χ)
χ
χ′
φk(χ′)
× 2
∫ χ′
dχ′′ W(χ′′, χ′) φmj(χ′′) .
(A3)
Under the assumption of Gaussianity, the perturbative corrections
to the angular spectrum of order φ4 can then be constructed from
the sum of all combinations 〈S (2)S (2)〉 and 〈S (3)S (1)〉 as explained in
Sect. 2.3.
APPENDIX B: ANGULAR CORRELATION FUNCTION
OF THE ROTATION ANGLE
To compute the expectation value in eq. 30, we have to evaluate the
correlator 〈ηiη j〉. We split it up into a diagonal part Cωgl
Cωgl(r) = 〈η · η′〉 =
∫
d2 l
2pi
i j` jik`k CΩΩ` e
il·r (B1)
and using i jik = δ jk we arrive at
Cωgl(r) =
1
2pi
∫
d` `3CΩΩ` J0(`r) , (B2)
which is identical to the expression in eq. 27 with the potential
spectrum Cψψ` replaced by C
ΩΩ
` . For the remaining trace-free part
we get:
〈ηiη j〉rˆirˆ j = 12
[
Cωgl −Cωgl,2
]
=
∫
d2 l
(2pi)2
ik`k rˆi  jm`mrˆ j CΩΩ` e
il·r
=
∫
d2 l
(2pi)2
`2 sin2 ϕCΩΩ` e
i`r cosϕ
=
∫
d`
(2pi)2
`3 CΩΩ`
∫
dϕ
1
2
(1 − cos 2ϕ) ei`r cosϕ
=
∫
d`
4pi
`3CΩΩ`
[
J0(`r) − J2(`r)] .
(B3)
For the third line we used that the -tensor in two dimensions ro-
tates a vector by pi/2 counterclockwise. So if ϕ denotes the angle
between r and l, we get i j`irˆ j = ` cos(ϕ− pi2 ) = ` sinϕ. This yields
the off-diagonal correlation function
Cωgl,2 = −
∫
d`
2pi
`3CΩΩ` J2(`r) . (B4)
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